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Abstract. The double quantum groups C q [D(G)] = C q [G] M C 9 [G] are the 
Hopf algebras underlying the complex quantum groups of which the simplest 
example is the quantum Lorentz group. They are non- standard quantizations 
of the double group G X G. We construct a corresponding quantized univer- 
sal enveloping algebra C/q(0(g)) and prove that the pairing between C q [D(G)] 
and U q (d(s)) is nondegenerate. We analyze the representation theory of these 
C q [D(G)], give a detailed version of the Iwasawa decomposition proved by Po- 
dles and Woronowicz for the quantum Lorentz group, and show that C q [D(G)] 
is noetherian. Finally we outline how to construct more general non-standard 
quantum groups using quantum double groups and their generalizations. 



1. Introduction 

A double quantum group is a Hopf algebra of the form A N A where A is a braided 
Hopf algebra and A 1X1 A denotes the generalized Drinfeld double constructed using 
the pairing defined by the braiding. This construction originated independently 
in Podles and Woronowicz's construction of the quantum Lorentz group and in 
early work of Majid on bicrossproducts. Here we analyze this construction from 
an algebraic point of view with emphasis on the case when A is the standard 
quantum group C g [G] for G a connected semi-simple complex algebraic group. In 
this case the double C q [D(G)] — C q [G] IX C q [G] can be thought of as a non-standard 
quantization of C[G x G\. One reason why the double is a particularly natural 
object, is the existence of surjective Hopf algebra maps m : C q [D(G)] — > C g [G] and 
9 : C q [D(G)] —> U q (o). These maps are quantizations of the natural embeddings of 
G and its dual G r into the double group G x G that occur in the analysis of the 



symplectic leaves of G and of dressing transformations on G |2g, |21j, [17| . 
The main results we prove here are: 

1. The category of right C g [D(G)]-comodules is equivalent to the category of 
right CJG x G]-comodules as a braided rigid monoidal category. 

2. The natural pairing between C q [D(G)} and its Fadeev-Reshetikhin-Takhtadjan 
(FRT) dual U q {H(Q)) is non-degenerate. Hence U q (Q(g)) has a category of fi- 
nite dimensional left modules which is equivalent to the category of right 
Cq[-D(G)]-comodules and C q [D(G)} is the restricted Hopf dual of U q {0(g)) 
with respect to this category. 

3. The map (m ® 6) A : C q [D(G)] -> C q [G] ® U q (g) cop is injective. This is 
a generalization of the "Iwasawa decomposition" proved for the quantum 
Lorentz group in More precisely we show that there is a finite group 
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T acting on CJG] (g) U q (g) cop and an Ore set S of C q [D(G)] such that the 
induced map from C q [D(G)]s to {C q [G} <g> U q (Q) cop ) r is an isomorphism. 
4. The algebra CJ£>(G)] is Noctherian. 

A key starting point is the observation by Doi and Takeuchi JTo| that the double 
A M A can be realized as a twist of the usual tensor product by a 2-cocycle (a con- 
struction dual to Drinfeld's gauge transformation JT^]). From this result, assertion 
(1) follows easily and then (2) and the injectivity of the Iwasawa decomposition 
map follow by standard calculations. The second part of (3) (the identification of 
the image of the Iwasawa decomposition map) appears to be new even in the case 
G = SL(2). The proof that C q [D(G)] is noetherian uses the approach of Brown and 
Goodearl ||. Since both C q [G] and U q (g) are homomorphic images of C q [D(G)] this 
provides an interesting unified proof of the noetherianity of the standard quantum 
function algebra and the standard quantized enveloping algebra. 

The algebra <C q [SL(2)] was introduced and studied (using different constructions) 
by Podles and Woronowicz in |2j] and by Carow-Watamura, Schlieker, Scholl and 
Watamura in |5| . Further work on this and more general "complex quantum groups" 
was done by a variety of authors, (see for instance |2?j, ) . In Q , Majid pointed 
out that these algebras could be constructed using the quantum double construction 
that we consider here. This approach was also taken up in [Q. This article is, in a 
sense, a continuation of the approach of |^2|, [jj with the important distinction that 
we do not consider the *-algebra structure. All of the above papers are concerned 
with quantizing the algebra of complex valued coordinate functions on a simple 
complex algebraic group G, considered as a real Lie group. Thus the relevant 
notion is a complex Hopf algebra equipped with a ^-operation. Here we consider 
these algebras rather as quantifications of the algebra of regular functions on the 
double complex algebraic group G x G. However, the underlying Hopf algebra is 
the same and many of the basic structural results are relevant in both contexts. 

We also show how to apply the same twisting technique to construct some new 
non-standard quantum groups. Recall that the Poisson group structures on a semi- 
simple Lie group G given by a solution of the modified classical Yang Baxter equa- 
tion, have been classified by Belavin and Drinfeld ||. They are given (in part) 
by triples of the form (r, Bi,B2) where B; are subsets of the base B of the root 
system for g and r is a bijection from Bi to B2 satisfying certain conditions. In 
the special case where Bi and B2 are "disjoint" we construct quantizations of the 
associated Poisson group. This construction is closely related to the construction 
of non-standard quantum groups by Fronsdal and Galindo using the universal T- 
matrix p3| . 

The Hopf algebra notation that we use is generally the standard notation used 
in Sweedler's book except that we remove the parenthesis from the 'Sweedler no- 
tation' writing A(x) = ^ x i ® x 2 rather than X) x (i) ® x (2)- We use m, A, e and 
S indiscriminately for the multiplication, comultiplication, counit and antipode in 
any Hopf algebra. 

This work originated in discussions between the author and T. Levasseur on non- 
standard quantum groups while the former was visiting the Universite de Poitiers. 
He would like to thank Levasseur for his significant contribution and the Mathe- 
matics Department in Poitiers for their hospitality. 
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2. Braided Hopf algebras and their doubles 

An appropriately general setting in which to view the basic constructions is 
that of a braided Hopf algebra. Braided Hopf algebras are also known as dual 
quasi-triangular, coquasi-triangular or cobraided Hopf algebras. They play the 
role (roughly) of the dual of a quasi-triangular Hopf algebra and include all of the 
standard, multi-parameter and non-standard quantizations of semi-simple algebraic 
groups. The notation follows closely that of Doi and Takeuchi but many of the ideas 
occur in the work of Majid |2^] and Larson and Towber |2C[ ]. 

Let A and U be a pair of Hopf algebras. A skew pairing on the ordered pair 
(A, U) is a bilinear form t satisfying 

1. r(6c, u) = ^r(6,tii)r(c,«2) 

2. r(b, uv) = J2 T ( b i,v)T(b 2 ,u) 

3. t(1, u) = e(u); r(a, 1) = e(a). 

A bilinear form on the pair [A, U) is said to be invertible if it is invertible as an 
element of {A (8> U)*. Any skew pairing r is invertible with inverse given by 

r -1 (a, u) = t(S(o), u). 

For any bilinear form r we denote by t%\ the pairing given by T<i\{a, b) = r(b, a). 
Note that if r is a skew pairing, then so is . 

Given a skew pairing on a pair of Hopf algebras (A,U), one may construct a 
new Hopf algebra, the quantum double A N r U (or just AMU). As a coalgebra 
the double is isomorphic to A (g) U. The multiplication is given by the rule: 

(1 ® u)(a ® 1) = r(ai,Mi)a 2 <S> M 2 T _1 (a 3 , w 3 ) 

or, equivalently, 

y^(l ® ui)(ai ® l)r(a2, U2) = ^ r(ai, ui)a 2 ® u 2 

A braided Hopf algebra is a Hopf algebra ^4 together with an invertible skew 
pairing (3 on (A, A) such that 

^6iai/3(a 2 ,6 2 ) = ^ /3(a x , b 1 )a 2 b 2 . 

The pairing /3 is called a braiding on A. Note that the antipode in a braided algebra 
is always bijective ||. Given a braided Hopf algebra A we may form the double 
Hopf algebra A \A p A. 

A 2-cocycle on a Hopf algebra A is an invertible pairing a : A ® A — > /c such that 
for all a;, ?/ and z in A, 

^2o-(x 1 ,y 1 )a(x 2 y 2 ,z) = ^2a(y!, z 1 )cr(x,y 2 z 2 ) 

and = 1. Given a 2-cocycle c on a Hopf algebra A, one can twist the 

multiplication to get a new Hopf algebra A a fuj. The new multiplication is given 

by 

x ■ y = ^2cr(xi,yi)x 2 y 2 a~ 1 {x 3 ,y 3 ). 

The comultiplication in A a remains the same. In particular, A and A a are iso- 
morphic as coalgebras. This construction is essentially the dual of Drinfeld's gauge 
transformation 

Recall that the category of right comodules over a braided Hopf algebra has 
a natural structure of a braided rigid monoidal category p3j. A 2-cocycle a on 
a braided Hopf algebra can be used to define an equivalence of such categories 
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between Comod A and Comod A a when A a is equipped with the braiding defined 
below. 

Theorem 2.1. Let A be a braided Hopf algebra with braiding [3. Let a be a 2- 

cocycle on A. Let A a be the twisted Hopf algebra defined above. Then (T 2 i * 13 * cr 
(convolution product) is a braiding on A a . Moreover the categories of comodules 
over A and A a are equivalent as rigid braided monoidal categories. 

Proof. See §§]. □ 

Doi and Takeuchi observed in Q that the quantum double may be constructed 
from the tensor product by twisting by a 2-cocycle. Let r be an invertible skew 
pairing between the Hopf algebras B and H. Then the bilinear form [t] defined on 
B ® H by 

[r](b®g,c®h) = e(6)e(/i)r(c, g) 
is a 2-cocycle and the twisted Hopf algebra (B (g> -ff)[ r ] is isomorphic as a Hopf 
algebra to the quantum double B \A T H jnj Prop. 2.2]. In particular, if (A, (3) is a 
braided Hopf algebra, then the double A X^ A is isomorphic to (A ® A)^. 

There are a number of different ways of defining a braiding on A X A. Recall 
that if (3 is a braiding on A, then so is p 2 \ ■ The tensor algebra A® A can therefore 
be made into a braided algebra in a number of different ways using these two 
braidings. It turns out that the appropriate choice is the braiding given by f3 on 
the first component and (3 2 x 011 the second component which we shall denote by 
(/3,/S^ 1 ). Using the above theorem we deduce that 

7 =[/3] 2 i*(/3,/3 21 1 )*[/3]- 1 

is a braiding on A X A (cf. [^2[ Proposition 2]). This braiding makes the category 
of right comodules into a braided category. 

Theorem 2.2. Let (A, (3) be a braided Hopf algebra. Then the double A X A has 
a braiding 7 given by 

7(0 ® b, a' ® b') = P(a, a' 1 b' 1 )f3- 1 (a' 2 b' 2 ,b). 

The category Comod A XI A is equivalent as a braided rigid monoidal category to 
Comod A ® A. 

There are two important Hopf algebra homomorphisms associated to the double 
A X A of a braided Hopf algebra A. The first is the multiplication map |l(], Prop. 
3.1] 

m : A X A — > A. 

The second is the map 

: A X A -> (A°) cop 

defined by @ Thm. 3.2] 

9(x®y)=P(x,-)p- 1 (-,y). 

Notice that 9 = m(l+ ® l~) where Z ± : A -» (yl°) cop are the maps l + (x) = (3(x, -) 
and l~(y) = ,y). We denote the image of 9 in A° by U{A) and refer to it as 

the FRT-dual of A. Recall that U (A) is said to be dense in A° if the pairing between 
A and U(A) is non-degenerate. Combining the above maps via the comultiplication 
yields an algebra map 

£ = (0 O m)A : A X A -> [/(A) cop <g> A. 
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Given the braiding 7 on A X A we have an associated FRT-dual [/(A X A) and 
maps : A X A — > {/(A 1X1 A). For any Hopf algebra B we shall denote by (-, -} 
the pairing between B° and £?. The maps m and # have duals m* : E/(A) — ► (A X 
A)° and 6* : A op -> (A X A) given by (m*(u),b ® 6') = (u, m(6 ® &')) = (u, 66') 
and (0*(a),6<g>&') = (0(6® 6'), a) = £ /3(6, ax)/?" 1 (a 2 , 6'). 

Lemma 2.3. Consider the maps Z* : A X A — > {/(A IX A). TTien Z + = m*0 and 
Z~ = S9*m. In particular, the images of both m* and 6* are contained in U(A IX A). 

Proof. Observe that 

j (a <g> 6, a' ® 6') = (0(a ® 6), m(a' (g) 6')) = (m*0(a ® 6), a' <g> 6'). 

Similarly, 

7 -1 (a <g> 6, a' <g> 6') = (0(a ® 6), 5 _1 m(o' (8> 6')) = (S9*m(a' ® 6'), a ® 6) 

□ 

Recall that the usual pairing between {7 (A) and A becomes a skew pairing be- 
tween [/(A) and A op , allowing us to form the double U(A) IX A op . 

Theorem 2.4. XTie map 

C = m(m* ® 0*) : C/(A) X A op [/(A X A) 

is a surjective Hopf algebra map. 

Proof. The lemma implies that the image of £ is precisely Z7(A IX A). The fact that 
£ is a Hopf algebra map is more or less well-known (see for instance |22| ) . It follows 
from the formula 

'^20*(a 1 )m*(u 1 )(u2,a 2 ) = 2j(«i, a 1 )m*(u 2 )6*(a 2 ) 

which may be verified directly. □ 

Corollary 2.5. IfU(A IX A) is dense in (A IX A)° , then the map 
£ = (m <g> 0)A : A IX A -»■ A ® C/(A) cop 

is injective. 

Proof. Notice that the pairing between A X A and !7(A) X A op induced from £ is 
the same as that induced from the map £. Thus 

Ker£ c (U(A) X A ?) 1 - c U(A X A) x . 

The density of U(A X A) implies that [/(A X A) 1 - = 0, so Ker£ = also. □ 

We now give an alternative construction of the braiding on A X A. This approach 
is analogous to Drinfeld's construction of a universal i?-matrix for the Drinfcld 
double H* X H. We follow the reformulation of this construction given in ju], |l9| . 
This construction is also needed later in defining the braiding on the standard 
quantum groups. Let A and B be Hopf algebras and let a be a skew pairing 
between A and B. Define Hopf algebra maps 

$i:A cop ^B°, $ 2 :B op ^A° 

by $i(a) = <r(a, — ) and $2(6) = <r(— ,6). If the pairing a is non-degenerate these 
maps will be injective. Henceforth we shall assume that this is the case. Now 
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suppose that we have a Hopf pairing 4> between C and A X B which identifies C 
with a subalgebra of the dual of A X B. There are Hopf algebra maps 

01 : C -> B°, 9 2 :C^A° 

defined by (0i(c), 6) = 0(c, 1 ® 6) and {02(c), a) = (p(c, a (8> 1) respectively. 

In order to construct a braiding on C we need to assume that Im 0^ C Im <£>i for 
i = 1 and 2. In this case we can construct maps 

^ = fc-^ : C* A cop , 4> 2 = ®2 1 6 2 :C^B op 
Theorem 2.6. The form (3 € (C <Z> C)* defined by 

is a braiding on C. 

Let 7r : A X B — > C* be the natural map and let : C — > U(C) cop be the maps 
described above. Then l + = mf>i and Z~ = Sm/j 2 . 

Proof. See @, 9.4.6] □ 

We now apply this result in the case where a is the natural skew pairing between 
U(A) and A op for some braided Hopf algebra A and C is A X A. When {7(A ixi A) 
is dense in (A X this produces a braiding on A ix] A which we will denote by 

y. 

Theorem 2.7. TTie braidings 7 and 7' coincide. 

Proof. The pairing between J7(A) X A op and A X A is given by 

(u <g> c, a ® 6) = (m*(it), ai ® oi)(0*(c), a 2 ® 62} = (u, ai&i)(0(a 2 ® 62), c) 

So 

(0i (a ® 6), c) = (1 <g> c, a <g> 6) = (0(a ® 6), c) = ($i0(a <8> 6), c). 
Hence ^1 = < I ) 1 " 1 0i = 0. Similarly, 

(0 2 (a ® £>), u) = (u ® 1, a ® 6) = (u, m(a ® 6)} = ($ 2 m-(a €5 6), u). 
Thus ip 2 = m. Hence 

7'(a <g> 6, a' ® 6') = (0(a ® 6), m(a' ® 6')) = 7( a ® £>, a' ® 6') 
as required. □ 

This theorem says that the braiding 7 is essentially the same object as the 
universal T- matrix of [^5| and |l3| . 

There is a natural algebra embedding of U(A M v4.) into t/(.A) (S) t/(.A) given by 

x(«) = ^/K)®/'M 

where /(it), /'(") denotes the restriction of u to the first and second copies of A 
respectively. Of particular importance is the composition of \ and £. 

Lemma 2.8. 1. For all a e A, x°*( a ) = E l~S(ai) ® Z + S(a 2 ). 
2. For a// u G ?7(A), x m *( u ) — E u i ® u 2 = A(u). 

Proof. Notice that 

(0*(a),&® c) = (0(6® c), a) = ai)/3 _1 (a 2 , c) 

= /T 1 ^, S(ai))/?(S(a 2 ), c) = (rS(oi), 6}(/ + S(a 2 ), c> 

This proves the first assertion. The second assertion is proved similarly. □ 
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3. Double quantum groups and the quantum Lorentz group 

We now define the double quantum group associated to a connected complex 
semi-simple algebraic group G. We continue to use the notation of For the 
convenience of the reader we recall briefly the relevant details. 

Let g be the Lie algebra of G. Let f) be a Cartan subalgebra of g, R the associated 
root system, B = {a\, . . . , a n } a basis of R, R + the set of positive roots and W the 
Weyl group. We denote by P and Q the lattices of weights and roots respectively 
and by P + the set of dominant integral weights. Let H be a maximal torus of 
G with Lie algebra f) and denote by L the character group of H, which we shall 
identify with a sublattice of P containing Q. Let (— , — ) be the Killing form on f)* 
and set di = (a,, a<)/2. Set n ± = ® ae n. + g± a , ^ — rj © n ± . 

Let q £ C* and assume that q is not a root of unity. Since we need to consider 
rational powers of q we adopt the following convention. Pick H £ C such that 
q = e~ h l 2 and define q m — e ~ mh / 2 for all m G Q. We set qi = q di for i = 1, . . . , n. 
Denote by U° the group algebra of L, 

U° = C[k\ ; A £ L], fe = l, = 

Set ki = k ai , 1 < i < n. The standard quantized enveloping algebra associated to 
this data is the Hopf algebra 

U q {B) = U°[ei,fi) l<i<n] 

with defining relations: 

eifj - f 3 e t = 5 l3 {h t - kr 1 )/^ - q- d >) 

and the quantum Serre relations as given in JXS) . The Hopf algebra structure is 
given by 

A(fc A ) = k x ® fc A , e(fc A ) = l, 5(fc A ) = fc^ 1 
A(e<) = e, (g) 1 + fc, ® e i; A(/i) = /» ® fc^ 1 + 1 ® /i 
e(ei) = e(/i) = 0, ^(e,) = -k^ei, S(fi) = -fch. 

Notice that U q (g) depends on G rather than g. Thus the notation is a little am- 
biguous. 

We define subalgebras of U q (g) as follows 

U q (b+) = U°[ei ; 1 < i < n], U q (b~) = U°[f t ; 1 < i < n\. 

Notice that U° and Uqlb^) are Hopf subalgebras of U q (g). 

Let M be a left C/ g (g)-module. An element x £ M is said to have weight [i S L if 
fc A x = q( x -^x for all A G L; we denote by M M the subspace of elements of weight /i. 
It is known that the category of finite dimensional [/ g (fj)-modules is a completely 
reducible braided rigid monoidal category. Set L + = Lfl P + and recall that for 
each A £ L + there exists a finite dimensional simple module of highest weight A, 
denoted by L(X). One has L(X)* = L(wq\) where wo is the longest element of W. 
Let C q be the subcategory of finite dimensional [7 9 (g)-modules consisting of finite 
direct sums of L(X), X £ L + . The category C q is closed under tensor products and 
the formation of duals. 
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Let M be an object of C q , then M = ®^\ J M ll . For / G M* , v <E M we define 
the coordinate function c/. v G by 

Vu g c/ 9 (fl), c ftV (u) = (/, w> 

where ( , ) is the duality pairing. The quantized function algebra C 9 [G] is the 
restricted dual of U q (g) with respect to C q . That is, 

C q [G] = C[ C/ ,„ ;veM,fe M* , M G obj(C,)]. 

The algebra C 9 [G] is a Hopf algebra. If {i>i, . . . , v s ; fx, . . . , f s } is a dual basis for 
M one has 

A(c/,„) = c/ >1(j ® Cf i<v , e(cf. v ) = (/, u), S(c f . v ) = c v j. (3.1) 

i 

Notice that we may assume that Vj G M^. , fj G M*_ v .. When t> G L(X) fl and 
/ G L(A)* „ we denote the element c/ ; „ by . Although convenient this notation 
is a little ambiguous and some care has to be taken in interpreting the standard 
formulas such as A(c^) = c^. ® and S'(c^) = c^° A . 

Recall that the Rosso form , ) defines a skew pairing on (U q (b~), U q (b + )). 
Consider the induced maps 

$1 : U q (b-) cop -> C/ g (b+)°, $ 2 : U q (b + r -> C/ 9 (b-) 

and the maps 

0! : C,[G] -> C/ 9 (b+)°, 2 : C,[G] -> C^b") 

as defined above. By |l^, Proposition 4.6], we have that Im^ = Im$i. Hence the 
Rosso form induces a braiding on <C q [G] defined by 

(3(x,y) = <f>(ipi(x),ip 2 (y)) 

where tpi = $~ 1 9i. 

Definition . We define C q [13(G)] to be the double quantum group C q [G] M C 9 [G]. 

Example 1. In the case when G = SX(2,C), the double quantum group C q [D(SL(2))] 
is the Hopf algebra underlying the quantum Lorentz group. It is often denoted by 
SXq(2,C). As an algebra it is generated by the elements a,b,c,d and a,b,c,d 
subject to the relations: 

ba = qab, ca = qac, db = qbd, dc = qcd 
cb = be, ad — da = (q — q~ 1 )bc, da — qbc = 1 

bd = qab, ca = qac, db = qbd, dc = qcd 
cb = be, ad — da — (q — g _1 )6c, da — qbc = 1 
ad = da, qab = ba, ac — ca + (q — q )ca, ad+ (q — q^ 1 )^) = da 
qbd = db = (q — q~~ )ba, bb = bb, bc+ (q — q~ 1 )da = (q — q~ l )da + db 
bd+(q- q~ l )db = qdb 
ca = qac, cb = be, cc = cc, qcd = dc 
da = ad + (q — q~ l )bc, db = qbd, qdc = cd + (q — q~ l )dc, dd = dd 

We begin by stating explicitly Theorem |2.2| for this case. 

Theorem 3.1. The category ComodC 9 [13(G)] is equivalent as a braided rigid mon- 
oidal category to ComodC 9 [G x G]. 
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The equivalence of the comodule categories in the case of the quantum Lorentz 
group was proved by Podles and Woronowicz in their original paper pjf |. To our 
knowledge no more general result has appeared in the literature, although this 
result is more or less implicit in some of Majid's work. 

Definition . Define U q (d{g)) to be the FRT-dual U(C q [D(G)]). 

Notice again that U q (d(g)) depends not only on g but also on the choice of G. 



Theorem 2.4 gives a weak version of Iwasawa decomposition for U q (d(g)). 
Theorem 3.2. The map 

( = m(m* ® 9*) : U q (g) M C q [G] op U q (V( S )) 
is an epimorphism of Hopf algebras. 

We conjecture that this map £ is in fact an isomorphism. 

We now show that the pairing between C q [D(G)] and U q (()(g)) is non-degenerate. 



We need a detailed description of the maps I . Note that Theorem 2.6 implies that 
Ker/+ = {c / , l) / 6 (U q (b + )v) ± } 

and 

Kerr = {c f , v | / € (U^b-^}. 

C Knr-] + if 



Hence c\ „ „ G Ker l + if /i — v is not a non-negative integer combination of positive 



roots. Similarly „ £ Ker/ - if v — /i is not a non-negative integer combination 
of positive roots. 
Define 

U + = C[e 4 | 1 < i < n], If- = C[fi \ l<i< n] 
and for all (3 G Q set 

Up = {u e U ± | fc A ufc- A = q (X ' p) u}. 
Lemma 3.3. Let A G L + and Zei 



1. There exists a unique y G t^„_ A swc/i ttai l + (c_ x ) = j/fc 



2. There exists a unique x G such that I (c^^ A ) = xfc M 

Proof. See @ or ||, 9.2.11]. □ 

Consider the natural functor from right C g [D(G)]-comodules to left U q {0(g))- 
modules. For a right C g [D(G)]-comodule V, we define an action of U q (d(g)) by 

u.v = 22(vi,u)vq 

for v £ V and u G U q (V(Q)). 

The proof of the following theorem generalizes the proof of an analogous result 
for the quantum Lorentz group given in pTfl . 

Theorem 3.4. Let V be a simple right C q [D(G)]- comodule and consider V as a 
left Uq(p(o)) -module. Then V is simple. 



Proof. By Theorem 3.1 any irreducible C g [L*(G)]-comodule is of the form V — 
L(v) (g) L(v') where u, u' G L + . The action of U q {0(g)) on V is then given by the 
map x an d the usual action of U q (g) ® U q (g). Suppose that A G L + and [i G L. It 
follows from Lemma that for any c G C q [G] , 

x8*(c) = rS(c 1 )®l + S(c 2 ) 
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Hence 

xT^x) = E r s ( c -^) ® * +5 ( c -*,a) = rs^) ® i + s(c x _ XiX ) 

and similarly 

#( C ^)=I-5(c A _ w )®i+S( c ^) 
(cf. jlj| 9.2.14]). In particular Lemma |3^ yields 

X#*(C-A,a) - fc-A®*A 

Thus the image of x#* contains an 'antidiagonal' copy of the subalgebra C[kx | A G 
L + ] of C/°. On the other hand, the image under m* of U° is a 'diagonal' copy of 
U°. It follows that any U q )-submodule V' of is a sum of its f/° ® E/°- weight 



spaces. Now by applying Lemma 3.3 again for fi = A — otj yields (up to a scalar 
factor) 



X0*(c%,A) = eifc_A®fcA 
X^(^A, M ) = fe-A®/ifeA 

Hence if V' is a non-zero submodulc of it must contain a weight vector u+ (g) 
where is a highest weight vector of V(v') and w+ is a lowest weight vector of 
V(v). However this element generates V as a U q (g) module via the diagonal action. 
Thus V' — V as required. □ 

The theorem yields a form of Peter- Weyl theorem linking C q [D(G)] and U q (d(g)). 
Denote by C q the full subcategory of U q (X>(g))-mod consisting of direct sums of 
modules of the form L(u) <g) L(y'). Since C q is closed under tensor products, duals 
and direct sums we may form the restricted dual of U q (V(g)) with respect to C q . 
This is the Hopf algebra of coordinate functions 

U q (V(gm = C[c ftV ;veM,fe M*, M e obj(C,)]. 



Corollary 3.5. The pairing between C q [D(G)] and U q (V(g)) is non-degenerate. 
The categories C q and C q are equivalent and <C q [D(G)] is the restricted dual of 
U q (d(g)) with respect to C q . 

Proof. For v S L + let C{L{v)) C C g [G] be the subcoalgebra of coordinate functions 
on L(v). Then 

C q [D(G)} = ® vy& .+C{L(u)) ® C{L{v')). 

Similarly let C{L(y) ® L{y')) be the subcoalgebra of U q (d(g))* of coordinate func- 
tions on L[v) (g) L(v'). Then 

UMQ))°c = ®u,weL+C{L(v) ® L{u')). 

Let rj : C q [D(G)] — > ^(0(0))* be the natural map. Then since L(v) (g> L{v') is 
simple 77 maps C(L(v)) ® C(L(v')) isomorphically onto C(L(y) ® L(v')). Hence 77 
is an isomorphism from C„[Z?(G)] to J7g(H(fl))!* ■ □ 

Cg 

In particular this implies that the intersection of the annihilators of the simple 
modules L(v)®L(v') is zero. Hence U q (d(g)) is semi-primitive and residually finite. 

Applying Corollary [2.5| yields the following version of Iwasawa decomposition for 
C q [D(G)}. 
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Corollary 3.6. The map 

£ = (to ® 9)A : C q [D(G)\ -> C 3 [G] ® C/ 9 (g) cop 

zs injective. 

This result is proved for the quantum Lorentz group by Podles and Woronowicz 
in (24|, Theorem 1.3]. In (27), Takeuchi defines the quantum Lorentz group as a sub- 
algebra of C q [SL(2)] ® C/ 9 (s[(2)) cop and then goes on to prove that this subalgebra 
is isomorphic to C q [D(SL(2))]. A discussion of this map in a fairly general context 
appears in p2^ . Although £ is never surjective, it is in a certain sense not far away 
from being surjective. We now show that the image has a localization which is 
the invariant subring for the action of a certain finite group, T. This is only to 
be expected if we view this map as the quantization of the map G X G r — > G x G 
described in [O . This map is a finite morphism onto the open subset GG r of G x G 
whose fibre at every point is T. 

Let r = {h € H I h 2 = e}. We may identify the dual group T with the quotient 
P/2P. 

Lemma 3.7. C q [D(G)}/ (Ker m + Kcr 9) = C [f] . 

Proof. Denote by C[r] the group algebra of T. Then there is a surjective Hopf 
algebra map 77 : C q [D(G)] -> C[f] = C[T]* given by 

*?(c^,A ® c^V,A') W = A(/ l )A(/ l ')e( C ^ A c A _;, iV ). 

It is easily checked that Ker 77 D Ker 6* + Ker to. Conversely, let £a be the image 
of c A _ A A ® 1 in C g [D(G)]/(Kerm + Ker6»). Then t\ = 1, i A < M = <a +ai and the i A 
span <C q [D(G)]/ (Ker m + Ker9). Thus by comparing dimensions we obtain that 
Ker 77 = Ker 9 + Ker to. □ 

Denote by R(A) the group of one-dimensional representations of a Hopf algebra 
A. The group T embeds in R(C q [G\), R{U q (g) cop ) and R(C q [D{G)\) in such a way 
that the embeddings commute with the induced maps R(U q (g) cop ) — > R(C q [D(G)]) 
and R(C q [G]) — » R(C q [D(G)]). Recall that for any Hopf algebra A, there are left 
and right translation maps l,r : R(A) — » Aut(A) given by 

= ^/i _1 (a;i)x2, r/,(x) = y^xi/i(x 2 ). 

The left and right translation actions of T on C 9 [G] and U q (g) cop factor through left 
and right translation actions on C q [D(G)]. Define an action d : V — > Aut C q [D(G)]<E) 
C q {D(G)]by 

d~h(x ® y) = r/,(a:) ® ^(y). 
Consider T acting similarly on (C q [G] ® C/ 9 (0) cop ). 

Lemma 3.8. The image of the comultiplication A : C q [D(G)] — » C g [Z)(G)] (8 
C g [I3(G)] is contained in the subring of invariants, (C q [D(G)]®C q [D(G)]) r . Hence 
the image of C q [D(G)] under £ is contained in the invariants (C q [G] <S> U q (g) cop ) r . 

Proof. Notice that for c^ \ 6 C g [G] and h € T, 
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Hence for c m ,a ® c^.y G C q [D(G)], 

4(A(c MiA (g> C^,A')) = ^2 r h{Cf,,\ z <S> V,Ap ® ifc(c_A<,A ® C -A' ; ,A') 

= ^A i (/l)A^(/l)(-A i )(/l)(-Aj)(/l)c jU ,A i ®V, A J ® C_ A „A ® C_ A ^,A' 
= A(c M , A ® V,A') 

The second assertion follows from the first because 9®m is a T-equivariant map. □ 

Theorem 3.9. The set S = {1 <g> k^ x | X G 2L+} is an Ore swosei o/^(C q [D(G)]). 
T/ie map £ extends to an algebra isomorphism 

£:C q lD(G)} s ^(C q lG}®U q ( Q y°n r - 

Proof. We first show that S C £(C q [D(G)]). Notice that for A G L+, 

e«A ® 1) = ® Z+ ( C -W,a) = <A <8> fc-A. 

Similarly, 

C(l ® c v,w \) — C v,w \ ® k wo \- 

Hence if 

&(c\ x ) = c x _ x>tli ®c x _ tlitX 

then 
Hence 

E f c 1 ® c°a)£(^ w ,a ® i) = E( c ;-"-a c -m„a) ® = 1 ® fc- 2 A 

as required. 

To prove the result it now remains to show that 

Vr e {C q [G} ® C/ 9 ( fl ) cop ) r , 3s € <S such that rs G £(C g [£>(G)]). (3.2) 
Notice that for A £ L and /igT, 

4(1 ® k x ) = X(h)l <g> fc A . 

From this it follows that 

(C q [G] ® C/ g (g) cop ) r = (C g [G] ® C/°) r (l ® C/ g (fl) cop ) r . 

Since 5 is contained in the units of U q (o), it suffices to verify condition |3.2| for the 
two factors separately. 

By Jl^, 9.2.2] C q [G] <£> U° is spanned by elements of the form 

c i,w X c u' ,A' ® 

where i/, /i G L and A, A' G L + . This element is invariant if and only if WqX + 
A' + /i G 2L. On the other hand the image of C q [D(G)] contains 

£(1 ® C^„a)C(c5, A ' ® 1) = C^oA^.A' ® fc^A-A'- 

Now for any 7 G L, there exists a 7' G L + such that 7' — 7 G L + . Thus if 
wqX + A' + (i — 27, then 

H - 2(7' - WqX) = WqX - A' - 2( 7 ' - 7 ). 

Hence, 

(c^oA^'.A' ® MC 1 ® fc -2( 7 '-«, A)) = C(C^ A <H> C^A')(! ® fc-2( 7 '-<y)) 



DOUBLE QUANTUM GROUPS AND IWASAWA DECOMPOSITION 



13 



which lies in £(C q [D(G)]). 

Notice that (£^(g) cop ) r is generated over (U°) r by the elements /jfcj and ej. 
Hence it remains to verify condition 3.2 for these elements. Let A 6 L + , let a>i be 
a simple root, set fi = A — a,; and let i/£L. Then 

C« M ® 1) = J2 C ^H l+ ( C -H,J 

= <a ® ^ + (c-a, m ) + c* P ® Z + (c- M , M ) 

Now ;+(c^ AjM ) = and <8 ^(c*^) £ (C,[G] <g> C/°) r . Hence by the 

paragraph above, £(C q [D(G)]) contains c^ A <g> /ifc_ M fc 7 for some 7 G — 2L+. As 
noted above, 

Hence, for a suitably chosen 7 6 L + , £(C g [Z)(G)]) contains 

E^C-A ® fc -A)( C -W,A ® /<*-Mfer) = (1 <8> /***)(! ® ^7-2A) 

as required. A similar argument works for the element ej. □ 

4. NOETHERIANITY 

We now prove that the double of a standard quantum group C q [G] is again 
Noetherian. We use the approach of Brown and Goodearl ||. Since both C g [G] 
and U q (o) are homomorphic images of this algebra, this provides a straightforward 
and unified proof that both C 9 [G] and U q (g) are noetherian. Recall that if (3 is a 
braiding on a Hopf algebra A, then the braiding on the category of right comodulcs 
is given by the maps j3v®w '■ V ® W — ► W (8 V where 

(3(v <g> w) = ^ wo <8 vq/3(vi, wi) 

(see, for instance, p~5[ ) . 

Definition . Let (A, (3) be a braided Hopf algebra and let V be a finite dimensional 
right ^-comodule. A full flag = Vb C Vi C ■ ■ • C V„ — V of subspaces of V is 
said to be (3-invariant if 

Pv®w(Vi®V) = V®Vi 
The flag is said to be strongly /3-invariant if 

Pv®w(Vi O W) = W <g> VJ 

for all right comodules W. 

If V is a right A-comodule with basis Vi for I £ I and structure map p : V — > 
F <g> A, then the subspace of A spanned by 

{dij I =^Ui® Ojj} 

is denoted by C(V) § pl29]. 

Definition . A right comodule V over a Hopf algebra A is said to be a generator 
for A if A = fc(G(V)), or equivalently, if A = ^ G(V® J ). 

One of the main results of j!| is the following (slightly reworked into the language 
of braided Hopf algebras). 

Theorem 4.1. Let (A, (3) be a braided Hopf algebra. Suppose there exits a finite 
dimensional right A-comodule V such that 
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1. V is a generator for A; 

2. V has a ^-invariant flag. 

Then A is Noetherian. 

Proof. See §, Theorem 4.4] □ 

The key result is the following. 

Lemma 4.2. All finite dimensional right < C q [D{G)]-comodules have a strongly 7'- 
invariant flag. 

Proof. It suffices to prove the result for comodules of the form V ®V for comodulcs 
V and V' over C q [G] . It follows from the form of (3 given above that there exist 
strongly /3-invariant flags of V and V such that 

Pv*v>(V i ®V j ') = Vj®Vi 

Now let W and W be two other such C g [G]-comodules. Notice that 

l'v®v,w®w = / 3 i4(t/3i3)(t/34 2 1 )(t/3^ 2 1 ) 

where (3u denotes the map induced from [3 on the k and i-th components. Using 
this one can observe easily that 

iwvww ( y i ®v!®w®w') = w®w'®Vi® v; 

From this it follows easily that V <8> V has a strongly 7'-invariant flag. □ 

Theorem 4.3. The algebra C q [D(G)] is Noetherian for any connected semi-simple 
braic group G. 



Proof. It remains to notice that C q [D(G)] has a finite dimensional right comodule 
generator. The argument is the same as in the classical case. □ 

Corollary 4.4. The algebras C q [G] and U q (g) are noetherian. 

5. Further Non-standard quantum Groups 

We now discuss briefly a generalization of double quantum groups and a lift- 
ing theorem which provides a method of constructing new families of nonstandard 
quantum groups corresponding to certain families of solutions of the modified clas- 
sical Yang-Baxter equation. 

We begin again with a very general result on lifting of Hopf algebra twists. The 
proof is routine. 

Theorem 5.1. Let <f> : A — > B be a homomorphism of Hopf algebras and let a be 
a 2-cocycle on B. Then a 1 — 4>*(<j) is a 2-cocycle. Moreover the induced map 

4* ■ A a ' > B a 

between the corresponding twisted Hopf algebras is a Hopf algebra homomorphism. 

In particular, if C is a braided Hopf algebra and (j) '■ A — + C ' ®C is a Hopf algebra 
map, then there exists a 2-cocycle a' on A such that the map 

<j> : A a > — »• C tX C 

is a Hopf algebra homomorphism. 
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In order to apply this result to standard quantum groups, one needs Hopf algebra 
maps of the form C q [G] —> C q / [G' x G'] . For this it is not quite enough to find 
morphisms G' X G' — > G. Let us say that a morphism of G' — > G of connected, 
simply-connected semi-simple groups is admissible if the induced map on the Lie 
algebras arises from a Dynkin diagram embedding as defined in jl9], 10.4.5]. Then 
Braverman has shown that there is a Hopf algebra surjection C 9 [G] — > C g t[G'] and 
moreover that all such maps arise in this way . 

Theorem 5.2. Let G and G' be connected, simply connected semi-simple algebraic 
groups. Let ip : G' x G' — > G be an admissible embedding. Then there is a 2-cocycle 
a' on C ? [G] and an associated non-standard quantum group C q ^[G] = C 9 [G] CT ' such 
that 

1. C q .^[G] is a braided Hopf algebra; 

2. the category Comod-Cg^ [G] is equivalent as a braided rigid monoidal category 
to Comod-CJG]. 

Moreover there is a natural surjective homomorphism, C 9j ^,[G] — > C q >[D(G')] where 
q' = q r for some rational number r . 

For instance, if 2m < n, then we have admissible embeddings ip : SL(m,<C) x 
SL(m, C) — > SL(n, C). This yields some nonstandard quantum groups of the form 
C q ^[SL(n)]. Since the braiding 7 is essentially the universal T-matrix, these quan- 
tizations appear to be related to some of the "esoteric quantum groups" constructed 
by Fronsdal and Galindo Jl3| . 

The connection between these quantum groups and the solutions of the modified 
classical Yang Baxter equation classified by Belavin and Drinfcld appears to be the 
following. Let g and g' be the Lie algebras of G and G' respectively. Let B and 
B' be bases for the roots of g and g' respectively. Then we may choose B and B' 
such that the map ip induces an embedding of the Dynkin diagram B' x B' into B. 
Let Bi and B2 be the images of the two copies of B' in B and let r : Bi — > B2 
be the natural isomorphism. Then r is a triple in the sense of ||. We conjecture 
that C q .jf,[G] can be regarded as a deformation in the algebraic sense || of the 
algebra of functions on the group G with Poisson structure given by a solution of 
the modified Yang-Baxter equation associated to r. On the other hand, given any 
triple r : Bi — > B2 in the sense of || which is disjoint in the sense that (a, a') = 
for all a E Hi and a' G B2, then we may construct an admissible map of the 
form given in the theorem. Thus we may think of the quantum group as being 
constructed directly from this data. 

Notice that these cocycle twists are deceptively simple. Although the coal- 
gebra structure is preserved by the twist, the algebra structure is altered quite 
dramatically. Composing the homomorphism C q ^[G] —> C[D(G')] with the map 
C q ,[D(G')] -> IV(fl') y ields a H °P f algebra map t q ^[G] -> U q >(g'). Thus C q ^[G] 
has a category of finite dimensional representations equivalent to those of U q >(g'). 
This is quite different from the case of the standard quantum groups where all 
finite dimensional representations are one-dimensional 19, 9.3.11]. On the other 
hand the existence of this map is consistent with the philosophy on non-standard 
quantum groups advanced in [|l6). Briefly the conjecture suggested by this work is 
the following. Let C q [G, r] be an algebraic deformation of the group G with Poisson 
structure given by a solution r of the modified classical Yang Baxter equation asso- 
ciated to a triple (r, Bi, B2). Then there should be a Hopf algebra homomorphism 
C q [G, r] — * U q '(g,f) where U q >(g,r) is the FRT-dual of the quantization C q >[(G,r) 
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of the reductive group G associated to the reductive Lie algebra g constructed in 
|l6[ Theorem 6.4]. The semi-simple part of g is the semi-simple Lie algebra given 
by Bl 

Using Theorem |5.l| we may easily generalize the notion of the double A X A of a 
braided Hopf algebra A to a twisted product /l Mn of n copies of A in the following 
way. Using the map m <S> 1 : (AMA)<g)A^A®A and Theorem [O] we may 
twist (A M A) ® A to obtain a new Hopf algebra A™ 3 which itself maps onto A. 
Continuing in this way, we may iteratiyely construct A^ n+1 ^ from A™ n using the 



map A Mn <E)A — ► A® A and Theorem 5.1. Clearly we may also view the construction 
j4 m ™ as a series of cocycle twists of the n-fold tensor product A® n = A(£) A<E> A ■ ■ -<S>A. 
Hence there exists a single cocycle r such that A M ™ = Af n . 

Again we may lift this construction to obtain interesting families of non-standard 
quantum groups. The algebra C g [G] Mn can be thought of as a nonstandard quan- 
tization of G x G x • ■ • x G. If G and G' are simply connected, then any ad- 
missible embedding G' x G' x • • • x G' — > G induces a homomorphism C 9 [G] — * 
C q \G' x • • • x G'\ and we may lift the twisting of C q [G'] >,n to a twisting on C q [G] 



using Theorem 5.1. Thus, for instance, the natural block-diagonal embedding 
%j> : SX(2,C) x SX(2,C) x SL(2, C) into SX(6,C) yields a new quantum group 
C q ^[SL(6)}. 

One of the original motivations for this work was the desire to find a construction 
of the Cremmer-Gervais quantum groups |l6| from the standard quantum groups 
using a cocycle twist. However none of the above constructions cover this case. 
The existence of such a cocycle is equivalent to the existence of an equivalence of 
braided rigid monoidal categories between the category of right comodules over the 
Cremmer-Gervais quantum groups and the category of right comodules over the 
standard quantum groups. Thus this remains a key problem in the study of non- 
standard quantum groups. A positive answer to this question would presumably 
also lead to a far more general procedure for constructing non-standard quantum 
groups. 
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